ALEXANDER DUALITY AND STANLEY DEPTH OF 
MULTIGRADED MODULES 



RYOTA OKAZAKI AND KOHJI YANAGAWA 



l" ■ Abstract. We apply Miller's theory on multigraded modules over a polynomial 

y—i \ ring to the study of the Stanley depth of these modules. Several tools for Stanley's 

conjecture are developed, and a few partial answers are given. For example, we 
show that taking the Alexander duality twice (but with different "centers") is 
C~) ■ useful for this subject. Generalizing a result of Apel, we prove that Stanley's 

D | conjecture holds for the quotient by a cogeneric monomial ideal. 



1. Introduction 



O ' Let S = k[x\, . . . , x n ] be a polynomial ring over a field k. We regard it as a Z n - 

graded ring in the natural way. Let S be the category of finitely generated 

Z"-graded S-modules and degree preserving 5-homomorphisms between them. We 
say M = agZ n M a G mod z » S is N n -graded if M a = for all a £ N n . Let mod N » S 
denote the full subcategory of S consisting of N n -graded modules. 

For a subset Z C {xi, . . . , x n }, k[Z] denotes the k-subalgebra of S generated 

fT) . by all Xi G Z. Clearly, k[Z] is a polynomial ring with dimk[Z] = #Z. Let M e 

mod Z n S. We say the k[Z]-submodule mk[Z] of M generated by a homogeneous 
element m G M a is a Stanley space, if it is k[Z]-free. Note that mk.[Z] is a Stanley 
space if and only if ann(m) C (xj | Xi Z). A Stanley decomposition V of M is a 
presentation of M as a finite direct sum of Stanley spaces. That is, 

m ■ 

O ' s 

V:Q) mi klZi\=M 

Tl : *=i 

• Iph ! as Z n -graded k- vector spaces, where each m ; k[Zj\ is a Stanley space. 

Let sd(M) be the set of Stanley decompositions of M. For all ^ M G mod Z " S, 
■ we have sd(M) ^ 0. For V = 0f =1 mi G sd(M), we set 



sdepth(X>) := min { | i = 1, . . . , s } , 

and call it the Stanley depth of P. The Stanley depth of M is defined by 

sdepth(M) := max{sdepthX> | V G sd(M) } . 

While it is obvious that sdepthM < dim^M, this invariant behaves somewhat 
strangely. For example, if J is a complete intersection monomial ideal of codimen- 
sion c then we have sdepth(Syi) = n — c but sdepth I = n — |_§J as shown in [Ti] . 
The following is a special case of the conjecture raised in [16]. 
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Conjecture 1.1 (Stanley). Assume k is infinite. For any M G S, we have 

sdepth M > depth M. 

(If M = I/J for some monomial ideals I, J of S with I D J, then the assumption 
that k is infinite is superfluous.) 

After the works of Apel's ([HE]), the conjecture has been intensely studied. (See 
for example [7J [8j [HI [15]. Here we listed papers directly related to the present 
paper, and there are many other interesting works.) However the conjecture is still 
widely open. No relation between sdepth / and sdepth(S"/ /) is known in the general 
case, hence the conjecture for / itself and that for S/I are different stories. 

In [S], Miller introduced the notion of positively a- determined S"-modules for each 
a G N". These modules form the full subcategory mod a S of IX10Ci|\jn S, which admits 
the Alexander duality functor &/ a : modaS* — > (mod a S) op . Any M G 

lT10Q|\jn S is 

positively a-determined for sufficiently large a G N n , and sdepth M is attained 
by a positively a-determined Stanley decomposition in this case. Hence we can 
study the Stanley depth in Miller's context. For 1 := (1, 1, . . . , 1) G N n , positively 
1-determined modules are nothing other than squarefree modules introduced in [T7] . 

For a squarefree module M and a squarefree (i.e., positively 1-determined) 
Stanley decomposition T> of M, Soleyman Jahan [15J defined the Alexander dual 
s$\(T>) G sd(«K/i(M)) of T>. However, it is impossible to generalize his construc- 
tion to mod a S and srf a directly. So we will introduce the notion of quasi Stan- 
ley decompositions. Let qsd(M) (resp. qsd a (M)) be the set of (resp. positively 
a-determined) quasi Stanley decompositions of M G mod a S. Then sd(M) C 
qsd(M) = IJagN" q s d a (-^0 an d sdepth M can be computed also by qsd a (M) or 
qsd(M). Moreover, the Alexander duality srf a gives a bijection from qsd a (M) to 
qsd a «(M)). 

Using qsd(M), we can define a new invariant h-reg(M). As an analog of Miller's 
equation 

supp.reg(M) + depth(^/ a (M)) = n 
(the support regularity supp.reg(M) of M is introduced also by Miller), we have 

fr-reg(M) + sdepth (=<(M)) = n. 

Hence Stanley's conjecture (Conjecture 11.11) is equivalent to the conjecture that 
/i-reg(M) < supp.reg(M) for all M G modM-* S. If M is squarefree, then supp.reg(M) 
equals the usual (Castelnuovo-Mumford) regularity of M, and /i-regM equals 
hregM defined in Soleyman Jahan [15]. Hence our observation is a generaliza- 
tion of that in [15] . 

For I G N, we define the I th skeleton M- 1 of M G mod a S. The prototype of 
this idea is the skeletons of simplicial complexes and their Stanley-Reisner rings. 
Hence M- 1 is a quotient module of M with dim,g M- 1 < I. Using this notion, in 
Theorem 14.6} we show that Stanley's conjecture holds for all M G mod/™ 5* if and 
only if it holds for all M G S which are Cohen- Macaulay. The ideal version 

of this result has been obtained by Herzog et al. [7] . 

For a, b G l\T, (— ) <lb denotes the composition ° -^4 : mod a S —> mod a +b S 

(more precisely, the composition of £/ a : modaS" — > (mod a 5') op , the natural in- 
clusion (mod a 5') op (moda+b 5') op , and ^4+b : (mod a +b 5') op — > niod a +b5')- 
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For M G S, M <b does not depend on the particular choice of a with 

M G mod a 5. Since we have depth M = depth M <b and sdepthM = sdepth M <b , 
Stanley's conjecture holds for M if and only if it holds for M <b . 

Generic and cogeneric monomial ideals are interesting combinatorial classes in- 
troduced in [31 [13]. Apel ([HE]) showed that if a monomial ideal I is generic then 
Stanley's conjecture holds for I itself and S/I. In Theorem I6.5[ we show that if / 
is cogeneric then the conjecture holds for S/I. Under the additional assumption 
that S/I is Cohen-Macaulay, this result has been proved in [2]. Roughly speaking, 
our proof reduces the assertion to the Cohen-Macaulay case Q2]) using techniques 
developed in §§2-5 of the present paper. However, since the skeletons of (co)generic 
monomial ideals are no longer (co)generic, we need modification. We also remark 
that more inclusive definitions of (co)generic monomial ideals were given in 
and Apel used these new definitions. However our proof of Theorem 16.51 works only 
for the original definition. 

Most results in §§2-4 are taken from the thesis [T2] of the first author. The 
authors are grateful to Professor Jiirgen Herzog for helpful comments. 

2. Preliminaries 

Let S, mod Z n S and mod N n S be as defined in the beginning of the previous 
section. The definitions of Stanley decompositions and the Stanley depth are also 
given there. Let sd(M) be the set of Stanley decompositions of M G S. In 

this paper, we sometimes regard M G S as just a Z n -graded k- vector space 

without saying so explicitly. However, the context makes the meaning clear. 

We start this section from the following lemma. 

Lemma 2.1. Given an exact sequence 

— ► L -A M -A N — >0 

in mod Z n S , it follows that 

sdepth M > min{ sdepth L, sdepth iV }. 

In particular, for a direct sum M = ©* =1 %Tl IXIO Ci / n S, we have 

(2.1) sdepth M > min{ sdepth M t | 1 < i < s }. 

Proof. Let V l = 0| =1 1 % k[Z % ] G sd(L) and V 2 = 0* =1 m k[Z§ G sd(A^) be Stanley 
decompositions attaining the Stanley depths of each modules. For 1 < i < s, 
set rrii := /(/») G M. For s + 1 < i < s + t, take a homogeneous element 
m, G M so that g(rrii) = nj_ s , and set Z{ := Z[_ s . Then it is easy to see that 
each mjk[Zj] is a Stanley space and ^1=1^ ^[^i] = (&i={ m i^[Zi\ = M. Hence 
T> := 0* =1 mjk[Zj] is a Stanley decomposition of M, and we have sdepthM > 
sdepth T> = min{ sdepth T>i, sdepth T> 2 } = min{ sdepth L, sdepth N}. □ 

Remark 2.2. The reader might think the equality holds in ( 12. ip and the proof is 
easy. However, as far as the authors know, even whether sdepth(M©5') = sdepth M 
always holds or not is an open problem. 
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As usual, for M G mod z « 5* and a G Z n , M(a) G mod Z n 5 denotes the degree 
shift of M with M(a)b = M a+ ^. For any M G mod z » S, there is some a such that 
Af(a) S. While Stanley's conjecture (Conjecture II. ID concerns modules in 

mod Z n S, we can restrict our attention to mod N » S since the degree shift preserves 
both the usual and Stanley depths. 

Here, we introduce the convention on N n used throughout the paper. The i th 
coordinate of a 6 N™ is denote by a«. Let y be the order on N n defined by 
a y b <=^ Oi > h for all i. Clearly, := (0, 0, . . . , 0) G N" is the small- 
est element. For a, b G N n , let a V b, a A b be the elements of N n whose i th - 
coordinates are max{aj,&j}, min{aj,6j} respectively. If a y b, we set [a, b] : = 
{c6N n |aXc^b}. 

For a, b G N n , set 

supp a (b) := {i | hi > a { } , supp^(b) := {xi \ hi > a, } . 

For the simplicity, supp 1 (b) = {i \ hi > 1 } is denoted by supp(b), where 1 : = 
(1, 1, . . . , 1) € N ra . For a homogeneous element 0^m6 M b of M = ® aeN n M a , set 
deg(m) = b, and supp a (deg(m)) is simply denoted by supp a (m). The monomial 
Iir=i X T ^ S is denoted by x a . 

Definition 2.3 (Miller |). Let a G N n We say a Z n -graded S- module M is 
positively a- determined, if it is finitely generated, N n -graded, and the multiplication 
map Mb 3 m i — )■ a^m G Mb+ ei is bijective for all b G N™ and all i G supp a (b). 
Here e; G l\l n denotes the z th unit vector. 

Let mod a S be the full subcategory of lT10Clr\p S consisting of positively a-determined 
modules. If a' y a, we have mod a / S D mod a S. Any M G S is positively 

a-determined for sufficiently large a G N". For example, a monomial ideal I G S 
minimally generated by positively a-determined if and only if 

a h (ai V a 2 V • • • V a r ). 

If M G mod a S, the essential information of M appears in the subspace M[o, a ] := 
©be[o a] ^b- For example, we have 

dim 5 M = max{ # supp a (b) | b G N n , M b ^ } 

= max{ # supp a (b) | b G [0, a], M b ^ }. 

Let M, N G S*. If there is a Z n -graded k-linear bijection / : M[ 0ja ] — >■ ^[o,a] 

satisfying f(x d ~ e y) = x d ~ e ■ f(y) for all d, e G [0, a] with d y e and all y G M e , we 
say M[ 0) a] and iV[ 0)a ] are isomorphic (over 5). If M, iV G modaS* and M[ 0ja ] = ^V[o,a]5 
we have M = N.' 

Recall that, for Z C {xi, . . . , x n }, k[Z] denotes the k-subalgebra of S generated 
by all Xi G Z. To make k[Z] an S- module, set Xi ■ k[Z] = for all Xi ^ Z. In 
other words, k[Z] = S/(xi \ x^ $ Z). When we regard a Stanley decomposition 
V = @^ =1 mjk[Zj] of M as an ^-module, it is denoted by \V\. We say V is 
positively a-determined, if the module \T>\ is positively a-determined, equivalently, 
-< deg(mj) -< a and suppx( m i) c ^ f° r all 1 < z < s. If M admits such 
a decomposition, then M itself is positively a-determined. For M G mod a S, let 
sd a (M) be the set of positively a-determined Stanley decompositions of M. If 
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M G modaS 1 , then sd a ,(M) D sd a (M) for a' e N n with a' y a, and 

sd(M) = [J sd a (M). 

Proposition 2.4. For M G modaS, we Ziave 

sdepthM = max{ sdepthD | £> G sd a (M) }. 

If M is a squarefree module (i.e., if a = 1), the above result has been proved by 
Soleyman Jahan ( [T5], Theorem 3.4]) 

Proof. Since sd a (M) C sd(M), the inequality sdepthM > maxjsdepthD | V G 
sd a (M)} is clear. To prove the converse inequality, from T> = Q) s i=1 rrii k[Zj] G 
sd(M), we will construct V G sd a (M) with sdepthD' > sdepthD. We may assume 
that deg(mj) ^ a for all 1 < i < t, and deg(mj) ^ a for all i > t. Set 

t 

V' := 0m, k[Zi U supp^K)]. 

i=l 

Then mjk[Zj U supp^(mj)] is a Stanley space for each i. Since |£>'|[o,a] — 1^1 [o,a] 
and M G mod a S, we have V G sd a (M). It is clear that sdepthD' > sdepthX?. □ 

For M G mod Z n S and b G Z n , let /3 ijb (M) := dim k (Torf (k, M)) b be the (i, b) th 
graded betti number of M. 

Definition 2.5 ([9]). For M G S, the support regularity of M is 

supp.reg(M) := max { # supp(b) — i | /3 i b (M) 7^ } . 

Remark 2.6. The inequalities in [6j Corollary 20.19], which is a basic property of 
the usual (Castelnuovo-Mumford) regularity 

reg 5 (M) := max{ j - i | itj (M) ^ } 

of a finitely generated Z-graded S'-module M, also holds for the support regularity. 
In the proof in [5J, the long exact sequence of Ext^(— ,S) is used to handle the 
regularities, but we can use that of Torf (-, k). Then the same argument works for 
the support regularity. 

Miller ([9]) introduced the Alexander duality functor ^4 : modaS 1 — > (mod a S') op , 
which is an exact functor with (^4) 2 = Id. For M G modaS", b G [0, a] and 
i G supp(b), we have (=g4(M))b = Hom k (M a -b? k) and the multiplication map 
( I e4(M)) b -e i 3 V 1 — > Xiy G (£4(M))b is the k-dual of M a _ b 3 z 1 — ► a;^ G 
Ma-b+ei- We have that 

dim s ( I / a (M)) + a{M) = n, 

where 

a{M) := min{ #supp(b) | M b ^ }. 

See [9] for further information. In the sequel, we sometimes omit the suffix a of 
£/ a , if the explicit value of a is not important. 

Theorem 2.7 ([9, Theorem 4.20]). For M G moda^, we have 

supp.reg(M) + depth (^(M)) = n. 
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Note that supp.reg(M) > a(M) for all M G mod a S. By Theorem 12 .7\ supp.reg(M) 
a(M) if and only if £/ a (M) is Cohen-Macaulay. 

3. Alexander duality and (quasi) Stanley decomposition 
For a, b, c G N™ with c ^ b H a, we set 

ka[c, b] := x c ■ (S/ix^ 1 I i £ supp a (b))) 

= (5/(^^ +1 |^supp a (b)))(-c). 
This is an ideal of S/(x\ l+1 \ i ^ supp a (b)). Set 

Ic,b] a :={dGN"|(k a [c 1 b]) d ^O}. 

We see that d G [c, b] a if and only if d y c and di < bi for all i G" supp a (b). For 
d G [c, b] a , the natural image of the monomial x A G S in k a [c, b] C S/ (x\ i+1 \ i G' 
supp a (b)) is denoted by by x d . (This is an abuse of notation, since the symbol x d 
ignores b and c.) It is easy to check that k a [c, b] G mod a S with 

(3.1) (k a [c,b]) [0>a ] = kx d . 

de[c,b] 

Lemma 3.1. We have ^4(k a [c, b]) = k a [a — b, a — c]. 
Proof. By ( 13. ip . we have 

«(k a [c,b])) [0j a]= kt d 

d£[a— b,a— c] 

as a Z n -graded k-vector space, where td is the dual base of x a ~ d G (k a [c, b]) a _d and 
has the degree deg(td) = d. For d, e G [c, b] with d y e, we have x d ~ e ■ x e = x d 
in k a [c,b]. Hence we have x d ~ e • t a _d — ^a-e m =e4(k a [c, b]). It follows that 
(=£s4(k a [c, b]))[ 0>a ] = (k a [a— b, a— c])[ , a ]. Since both =e4(k a [c, b]) and k a [a— b, a— c] 
are positively a-determined, we have ^4(k a [c, b]) = k a [a — b, a — c]. □ 

Definition 3.2. Let M G mod N n S. We say / : ®* =1 k a [cj, bj] — > M is a (positively 
a-determined) quasi Stanley decomposition, if / is a Z n -graded bijective k-linear 
map such that f(x d ) = x d ~~ Ci ■ f(x Cl ) for all i and all x d G k a [cj,bj] with d G 
[Ci,bj a . 

Let qsd a (M) be the set of positively a-determined quasi Stanley decomposi- 
tions of M. For a decomposition / : T> — > M, T> = ©* =1 k a [ci, bj], we write 
(V,f) G qsd a (M) or just V G qsd a (M). If qsd a (M) ^ 0, then M G mod a S. 
Conversely, if M G modaS 1 , then we can replace the condition d G [cj,bj] a 
by d G [q, bj] in the above definition. Let fi be the restriction of the map 
/ : T> — y M to k a [cj,bj]. Note that /j is just a k[supp a r (b i )]-homomorphism, 
and not a k[supp x (bj)]-homomorphism. See Example 13.31 below. 

For M G mod a 5, sd a (M) can be seen as a subset of qsd a (M) in the natural 
way. In fact, for ®* =1 mjk[Zj] G sd a (M), set Cj := deg(mj) G N ra (since the 
decomposition is positively a-determined, we have (cj)j < aj for all j £ Zi), and 
take b, G N n whose j th coordinate is 



(3.2) (b. 



Do 




if j G Z { , 
otherwise. 
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Finally, define / : 0? =1 k a [c 4 ,b,] ^ M by k a [cj, bj] 3 x d i — > x d ~ c > ■ m t e M for 
d G [cj, bj a . Then we have (0' =1 k a [c,, bj], /) G qsd a (M). 

In the sequel, for b, c G [0, a] satisfying the same condition as (I3.2p . k a [c, b] is 
denoted by x c k[supp^-(b)]. 

Example 3.3. Let I := (x 3 ,x 2 y) be a monomial ideal of S := k[x,y], and set 
a := (3,1). Then S/I G modaS 1 and {y ,xy m ,x 2 \ l,m G N} is a k-basis of S/I. 
It is easy to check that 

k a [0,(l,l)]©k a [(2,0),(2,0)] 

is a quasi Stanley decomposition of S/I, but not a Stanley decomposition. Note that 
k a [ 0,(1,1)] S S/(x 2 ) and k a [(2,0),(2,0)] S k(-(2,0)). While supp x ((l,l)) = 
{x,y}, the corresponding map S/(x 2 ) S/I is not an S-homomorphism (just a 
k [y]-homomorphism) . 

Lemma 3.4. Let a, b, c G l\T with c H b ^ a. TTien 

sdepth(k a [c,b]) = #supp a (b). 

Proof. Since k a [c,b] = S/(x i i ' Ci+1 \ i supp a (b)) up to degree shifting, the asser- 
tion follows from Theorem 3] . However, we will give a direct proof here for the 
reader's convenience. 

Since dim5(k a [c, b]) = #supp a (b), it suffices to show that sdepth(k a [c, b]) > 
#supp a (b). This inequality follows from the Stanley decomposition 

k a [c,b] = 0x c 'k[supp a (b)], 

where the sums are taken over c' G [c, b] such that c[ = Ci if i G supp a (b) and 
Cj < c[< bi otherwise. □ 

Definition 3.5. For a quasi Stanley decomposition T> = 0* =1 k a [cj, bj] of M G 
mod a S, we set 

sdepthD = min{# supp a (bj) | 1 < i < s}. 

(If T> G qsd(M) comes from a Stanley decomposition, this definition clearly coin- 
cides with the previous one.) 

Remark 3.6. In the above definition, sdepthP is the Stanley depth of T> as a 
decomposition. By Lemma l3.4[ we have sdepth \D\ > sdepth'D. The authors do 
not know whether the equality always holds or not. 

Proposition 3.7. For M G mod a S, we have 

sdepth M = max{ sdepth V \ V G qsd a (M) }. 

Proof. Since sd a (M) C qsd a (M), we have sdepth M < max{ sdepth T> \ T> G 
qsd a (M) } by Proposition 12.41 To show the converse inequality, take a decom- 
position (T>,f) G qsd a (M) with V = 0* =1 k a [cj, bj]. As Lemma E3J take a Stan- 
ley decomposition T>i of k a [cj,bj] for each 1 < i < s. Since the restriction of 
/ : V — y M to k a [cj, bj] is a k[supp a r (bj)]-homomorphism, f{T>i) is a direct sum 
of Stanley spaces. On the other hand, 0* =1 f(Di) = 0j=i /(k a [cj, bj]) = M as 
Z n -graded k- vector spaces. Hence V := 0* =1 f(T>i) is a Stanley decomposition of 
M, and we have sdepth M > sdepth V = sdepth V. □ 
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From a decomposition (V,f) G qsd a (M) with V = ©* =1 k a [cj, bj] of M G 
modgS 1 , we will construct its Alexander dual (£/ SL (T>),g) G qsd a (^4(M)) with 
stJIP) = 0i=i ^afa - a - Ci). Note that |^4(X>)| = *4(|Z>|) by Lemma O 
and (^4(P)) a -d = Hom k (P d ,k) =: (P d )* for each d G [0,a]. For this d, set 
T(d) := { % | Cj ^ d -< hi } C {l,...,n}. Then Dd and Md have the basis 
{ x d G k[ci, bi] | i G T(d) } and { f(x d ) \ i G T(d), x d G k[ci, bi] } respectively. Of 
course, the equations bj = hj and Cj = Cj might hold for distinct Even in this 
case, we distinguish x d G k a [c$, bj from x d G k a [Cj,bj]. For the convenience, xf 
denotes x d G k a [cj,bj]. 

Note that (^4(M)) a _ d has the dual basis {f(xf)* \ i G T(d) }. Now we can 
define a k-linear bijection 

S-a-d : ( (J) k a [a - bi, a - Ci] J — > (*4(M)) a _ d 

\i=l / a-d 

by 

(k a [a - bi, a - c,]) a _ d 3 x a - d .— ► f(xfy G «(M)) a _ d 
for i G T(d) (note that (k a [a — b i; a — Cj]) a _ d ^ if and only if (k a [cj, bj]) d 7^ 
if and only if i G T(d)). It is easy to see that g := ©defoa]^ gi ves a k-linear 
bijection («e4(X>))[o,a] (« g 4(^))[o,a] satisfying s d_e ■ ^(x a_d ) = 5r(^ a ~ e ) for all 
d, e G [cj, bj] with d y e. Here x a ~ d , x a ~ e G k a [a — b,, a — c^]. Since both &/ a (M) 
and \£$ a (T>)\ are positively a-determined modules, we can extend g to a k-linear 
bijection =e4(X>) -> *4(Af) so that =k4(X>) G qsd a (*4(M)). Now we have the 
following. 

Proposition 3.8. The above construction gives a one-to-one correspondence be- 
tween qsd a (M) and qsd a (=sz4(M)). 

Remark 3.9. If M is squarefree (i.e., M G modi S), then qsd 1 (M) = sdi(M) and 
the Alexander duality sd\ gives a duality between sdi(M) and sd 1 (=2^(M)). This 
is the reason why the notion of quasi Stanley decompositions does not appear in 
[T5] . while the Alexander duality of Stanley decompositions is studied there. 

For a, a', b, c G N n with c ■< h ■< a ^ a', we have 

k a [c, b] = k a /[c,b'], 

where b' G l\l n is the vector whose i th coordinate is 

, [a'i if h = di, 

)bi otherwise (equivalently, bi < ai). 

If M G mod a S and a' y a, then M G mod a / S and qsd a (M) can be seen as a subset 
of qsd a / (M) in the natural way. Set 

qsd(M) := [J qsd a (M). 

aGN" 

As the Stanley depth is (conjectured to be) a combinatorial analog of the usual 
depth, the invariant h-reg(M) defined below is a combinatorial analog of supp.reg(M). 
Note that supp.reg(k a [c, b]) = #supp(c). In fact, k a [c,b] = {S/(x h ^ +1 \ i & 
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supp a (b)))(— c), and the Koszul complex (with the degree shift) gives a minimal 
free resolution. 

Definition 3.10. For V = ®* =1 k a [cj,bj], set 

h-ieg{V) := max{ # supp(cj) | 1 <i < s}. 
For M E mod^ S, set 

h-reg(M) := min{ h-reg(V) \ V E qsd(M) }. 
Lemma 3.11. If M E mod a S, we have 

h-regM = min{ h-reg(V) \ V E qsd a (M)}. 

Proof. Since qsd a (M) C qsd(M), we see that h-regM < mm{ h -regV \ V E 
qsd a (M)}. To prove the converse inequality, from (V',f') E qsd a /(M), we will 
construct (T>,f) E qsd a (M) with h-regV < h-regV. Replacing a' by a V a' if 
necessary, we may assume that a' ^ a (note that qsd a /(M) C qsd aVa /(M)). Set 
V = ®* =1 k a /[cj,bj]. We may assume that c« ^ a for all 1 < i < t and q ^ a 
for all i > t. Set V := 0* =1 k a [ci,bi A a]. Since V [oM = V' [Q sl] and M E mod a 5, 

we can define / : V -)■ M by k. a [c i ,h i A a] 3 x d i — > x d ~ Cl ■ f'(x Cl ) E M for all 
d E [cj, hi A a] a . Then {V, f) has the expected properties. □ 

Remark 3.12. (1) To compute h-regM, the notion of quasi Stanley decom- 
positions is really necessary. For example, set S := k[x, y], a := (1,2), and 
M := k a [0, (0, 1)] = S/(x,y 2 ). Then M has a trivial quasi Stanley decomposi- 
tion, and h-regM = 0. However T> = k © y k is the unique Stanley decomposition 
of M, and h-regV = 1. 

(2) For a Stanley decomposition V = @ s i=l mi k[Zj\ E sd(M) with deg(mj) = Cj, 
Soleyman Jahan ([15]) set hreg(P) := max{ |cj| | 1 < i < s}, where |cj| : = 
Y^=x( c i)j 1S the total degree of q. He also set hregM := min{hregP | V E 
sd(M) }. Clearly, we have h-regM < hregM and the inequality is strict quite often. 
However, if M is squarefree, then h -reg M = hreg M. For squarefree modules, [TSJ 
Conjecture 4.3] is equivalent to the condition (iii) of Theorem 14.61 below. 

Theorem 3.13. If M E mod a S, then we have 

h-reg(M) + sdepth(=<(M)) = n. 

Proof. For V = 4 s =1 k a [cj, bj] E qsd a (M), we have 

n — (h -reg V) = n — max{ # supp(cj) | 1 < i < s } 

= min{ n — # supp(cj) | 1 < i < s } 

= min{ #supp a (a — Cj) | 1 < i < s} 

= sdepth(jz4(X>)). 



10 



RYOTA OKAZAKI AND KOHJI YANAGAWA 



Hence we have 

n — (h-regM) = n — min{ h-regV \ T> G qsd a (M) } 

= max{ n — (h-iegV) \ T> G qsd a (M) } 
= max{sdepth(^/ a (P)) | V G qsd a (M) } 
= max{sdepth(T?') | V G qsd a (^/ a (M)) } 
= sdepth(^4(M)). 

□ 

Corollary 3.14. For a short exact sequence — > L — > M — > N — > in 

mod^ S, we have h-regM < max{ h-regL, h-regN}. 

Proof. Since we have the exact sequence — > stf (N) — > stf (M) — > stf (L) — > 0, 
the assertion follows from Lemma 12.11 and Theorem 13.131 □ 

4. Skeletons of positively h-determined modules 

Let M G modaS". For I > 0, let M >1 be the submodule of M generated by the 
components Mb for all b G N n with # supp a (b) > /. The module M >1 is again 
positively a-determined. We set 

M 1 : M/M 

and call it the / skeleton of M. Clearly, M- 1 is a positively a-determined module 
with dim 5 M^ 1 < I, and M^ 1 = M for I > dim s M. 

Remark 4.1. (1) For a simplicial complex A with the vertex set {1, . . . , n}, the 
Stanley-Reisner ring Ik [A] of A is defined to be S/(Y[ ieF Xi | F ^ A). Then 
dim Ik [A] = max{#F | F G A} = dim A + 1. Moreover, Ik [A] is always a squarefree 
module, that is, k[A] G modi S. In this setting, we have Ik [A]-' = k[A^ -1 ^], where 
A (i-i) : = {_p g A | #F < /} is the (I - l) st skeleton of A. 

(2) Let / be a monomial ideal minimally generated by x ai , . . . , x ar . In the sequel, 
the skeleton of a module means the one with respect to a = ai V ■ • ■ V a r . Then 
J :— I + S >1 coincide with the I th skeleton ideal of I due to Herzog et al. ([!]). 
Note that S/J (S/I)^ 1 . 

Lemma 4.2. Let M G mod a S and I > 0. If M >l ~ l ^ M >1 , then M >[ - l /M >[ is a 
Cohen- Macaulay module of dimension I. Moreover, sdepth(M > '~ 1 /M > ') = /. 

Proof. We set M := M >l ~ l /M >l . For b G N n , M b ^ implies #supp a (b) = I and 
M b = M b . For F C [n] := {1, . . . , n} with #F = I, set 

M [F] := M b . 

supp a (b)=F 

Then M\m is an S'-submodule of M, and we have 

M= M [F] , 

FC[n] 
#F=l 
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as S-modules. If we regard Mm as an S' := k[xi \ i G F]-module through the 
natural injection S' S 1 , then Mwi is a finite free S"-module with 

M [F] s (S'(-b)) dimk(A/b) . 

be[0,a] 
supp a (b)=F 

Therefore M is a Cohen-Macaulay module of dimension Z over S', hence the same 
is true over S. The above decomposition also shows that sdepth M — I. □ 

As in the case of the skeletons of monomial ideals, the following holds. 

Proposition 4.3 (cf. [7, Corollary 1.5]). For O^Me modaS 1 , 

depth M = max { I | < I < dim s Af, Af - is Cohen-Macaulay } . 

Moreover, we have dims Af - depth M = depth Af. 

Proof. We use induction on d := dim^M. The case d = is trivial. Assume 
d > 0. The assertion clearly holds when Af is Cohen-Macaulay. Hence it suffices 
to consider the case depth M < d. Since M >d = 0, M >d ~ 1 (= M >d - 1 /M >ci ) is 
a Cohen-Macaulay module of dimension d by Lemma 14.21 By the short exact 
sequence 

— ► M >d - 1 — > M — ► M- 4 - 1 — > 0, 

we have depth M = depth M^ d_1 . On the other hand, we have M- 1 = (M-^ 1 )- 1 
for all / < d — 1. Combining the above facts, we have 

depth M = depth M-^ 1 

= max { I | < I < d - 1, (M- d ~ 1 )- 1 is Cohen-Macaulay } 

= max { I | < I < d - 1, Af-' is Cohen-Macaulay } 

= max { Z | < Z < cZ, Af- is Cohen-Macaulay } . 

Here, the second equality follows from the induction hypothesis, and the fourth 
follows from the present assumption that M- d (= M) is not Cohen-Macaulay. 
That dims M- depth M = depth M also follows from similar argument. □ 

We can also prove that M- 1 is Cohen-Macaulay (or the module) for all Z < 
depth M, while we do not use this fact in this paper. 

Lemma 4.4. For b, c G [0, a] with c ^ b, we have sdepth(k a [c, b]-') = Z if 
#supp a (c) < Z < #supp a (b). 

Proof. We use induction on Z starting from Z = #supp a (b). If Z = #supp a (b), 
then k a [c, b]- z = k a [c, b], and the assertion has been shown in Lemma [3.41 Con- 
sider the case Z < #supp a (b). Since sdepth(k a [c, b]-') < dim 5 (k a [c, b]-') = Z, it 
suffices to show sdepth(k a [c, b]-') > Z. We have sdepth(k a [c, b]- /+1 ) = Z + 1 by 
the induction hypothesis, and there exists a decomposition V := ©* =1 x Cl k[Zj] G 
sd a (k a [c, b]-' +1 ) with j^Zi = I + 1 for all i. Since V is positively a-determined, 
we have supp a (c 4 ) C Z 4 for all i. Note that k a [c,b]^ z = (k a [c, b]^' +1 )^ = 
©i=i(z Ci KZi})- 1 as Z n -graded k- vector spaces. Hence, if T>i is a Stanley decom- 
position of [x Ci k[Zj])- z , then ®* =1 T)% is a Stanley decomposition of k a [c, b}- 1 by 
an argument similar to the proof of Proposition 13.71 Therefore the problem can 
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be reduced to the case k a [c, b] = x c k[Z] with j^Z = 1 + 1 and supp a (c) C Z. If 
supp a (c) = Z, then k a [c, b]-' = and there is nothing to prove. So we may assume 
that supp a (c) C Z. Define b' G Z n as follows; 

y _ \ a i- Ci if i e Z; 
1 otherwise. 

It is easy to verify that 

(k[Z]/x h ' k[Z]j (-c) (x c k[Z})~ 1 . 

omce k[Z]/x h 'k[Z] can be seen as the quotient ring of S by the complete intersection 
ideal / = (x b ') + (x; \x t ^Z), Stanley's conjecture holds for k[Z}/x h 'k[Z] (= S/I) 
by [21 Theorem 3]. (We can prove this statement directly using the results in the 
next section. In fact, we can reduce to the case b' -< 1.) Thus we have 

sdepth (x c k[Z})- 1 = sdepth (k[Z}/x b 'k[Z}^ = Z, 

as desired. □ 

Now we have the following. 

Proposition 4.5. For M G mod a S , sdepth M >t if and only if sdepth M- > t. 

Proof. To see the "only if part, take V = 0* =1 k[Zi) G sd a (M) with sdepth M = 
sdepth T> > t, and Pj G sd((mj k[Zj])-*) for each 1 < i < s. Then the direct sum 
@ s i=l T>i gives a Stanley decomposition of M-*. Hence the assertion follows from 
Lemma 14.41 So it remains to prove the "if part. Assume that sdepth M- 1 > t. 
We shall show that sdepth M- % > t for all i > t by induction on i. This implies the 
required assertion since M- % = M if i > dim^ M. If i = t, then there is nothing to 
do. Assume i > t. Consider the exact sequence 

— ► M " ;M " — > M- { — ► Af-* -1 — > 0. 

If .\/ " '/.\/ ' = 0, then = M- i_1 , and we are done. Suppose not. By 

LemmaS21 we have sdepth (M >i " 1 /M >i ) =i(>t). We also have sdepth(M^^ 1 ) > 
£ by the induction hypothesis. Therefore 

sdepth > min {sdepth (M >i " 1 /M >i ) , sdepth(M^- 1 )} > t. 

□ 

Theorem 4.6. TTie following are equivalent; 

(i) (Conjecture\TJ\) sdepth M > depth M for all M G mod P S 1 ; 

(ii) sdepth ikf > depth M for all M G 5* which are Cohen- Macaulay; 

(iii) supp.reg(M) > h-reg(M) for all M G mod N n S; 

(iv) supp.reg(M) > h-reg(M) for all M G mod N n S witha(M) = supp.reg(M). 

Proof. For (i) and (ii), we can replace mod z » 5* by mod N n S. Hence the conditions 
(iii) and (iv) are the Alexander dual of (i) and (ii) respectively by Theorems 12.7} 
13. 131 and the fact stated in the end of §2. 

The implication (i) (ii) is clear. For the converse implication, take M G 
mod N n S with t := depth M. Since M G mod a S for some a G l\T, we can consider 
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the skeleton M- of M. Since M- is Cohen-Macaulay and depth M- = t as shown 
in Proposition 14.31 the implication (ii) =>■ (i) follows from Proposition 14.51 □ 

Remark 4.7. (1) The equivalence (i) <S=> (ii) is the module version of [7J Corollary 
2.2]. 

(2) In the situation of (ii), sdepthM > depth M is equivalent to sdepthM = 
depth M (= dmisM). Similarly, in (ii), supp.reg(M) > h-reg(M) is equivalent to 
h-reg(M) = supp.reg(M) (= a{M)). 

(3) We can replace mod/™ S and S in the conditions of the theorem by 
mod a S simultaneously. In particular, the above theorem holds in the context of 
squarefree modules. The equivalence (i) and (iii) has been mentioned in [T5] for 
squarefree modules. 



5. Sliding operation for monomial ideals 
For a, b e N n , let a< b e N n be the vector whose i th coordinate is 



(a<b)i 



di + bi if Oj ^ 0, 
otherwise. 



Similarly, for a, c e N n with a ^ c, let c \ a G N n denote the vector whose i th 
coordinate is 



{c\a)i 



Ci + l-cii if Oj 7^ 0, 
otherwise. 



Let I C S be a monomial ideal minimally generated by x ai , x a2 , . . . , x Ar , and 
I = Hi=i mdi the irredundant irreducible decomposition. Here, for a e N n , m a 
denotes the irreducible ideal (x* | aj > 0). For b 6 N n , we set 

j<b ._ ^2.ai<b a; a2<lb x ar<lb ) 

As we will see later, this operation preserves several invariants. 

Take c e N n so that c ^ a, for all 1 < i < r. Then I is positively c-determined, 
and we can take the Alexander dual J := £/ c (S/I). By [TDl Theorems 5.24 and 
5.27], J is (isomorphic to) a monomial ideal with 

r 

J = ( x c \ dl , x Q \ d ' 2 x c \ ds ) = p) m c \ a * . 

8=1 

Similarly, £/ c (I) = S'/J. Hence we have the following. 

Proposition 5.1. We /jave I <h = stf h+c o .afj.(i') and 5// <b = ^ b+c ° srf c (S/I). 
Hence the irredundant irreducible decomposition of I 4h is given by 



J * = n 



„dj<lb 

m 



1=1 



Proof. Since (b + c) \ (c \ a) = a < b, the assertions easily follow from the above 
mentioned properties of the Alexander duality. □ 
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Through the inclusion mod c S modb+ c S, we can consider the functor 

(-r b :=< c o4 
from mod c S to mod b+c S. Note that S(-a) <h = S(-(a<b)) for a G N n . If 

t s 

^(-a{) A S(-a,) — > M — >■ 
i=i i=i 
is the minimal presentation of M G mod c S 1 , then 

t s 

S(-(aJ < b)) **> S(-(a, < b)) — > AP b — > 

t=i i=i 

is the minimal presentation of M <b . Here, if cx a (c G k and a G N n ) is an entry 
of the matrix representing 0, then cx a<b is the corresponding entry of the matrix 
representing <b . Hence M <b does not depend on the particular choice of c G M n 
with M G mod c S, and we can regard (— ) <b as a functor from mod N n S to itself. 

Proposition 5.2. For M G 

lT10Q|\jn 5* and b G N n ; £/ie following hold. 
A, a (M) = &, a «b(M <b ) (for allies and a G N n j, dim s M = dim s M <b , 
depth(M) = depth(M <b ), supp.reg(M) = supp.reg(M <b ), 
sdepth(M) = sdepth(M <b ), h-reg(M) = h-ieg(M <h ). 

Proof. If P. is a minimal free resolution of M, then (P.) <b is a minimal free resolu- 
tion of M <b by the exactness of the functor (-) <b . Since P t = aeN n 5(-a) ft > a ( M \ 
we have (P^ = aeN „5(-(a^b))WM). Hence ,^ M j = p^ M ^) holds, 
and this equation induces the third and fourth ones. 

For the remaining equations, take c G N n with M G mod c S. Then 

dims M = n - <j(&tf c (M)) = dim5(,fi/ b +c o s^ c (M))) = dim 5 M <b . 

Similarly, we have 

sdepth(M) = n -h-veg(s/ c (M)) = sdepth(M>+c ° s*JM)) = sdepth(M <b ). 
The equation h-reg(M) = h-ieg{M <sh ) can be proved by the same way. □ 
The following is a direct consequence of Proposition 15.21 

Corollary 5.3. For M G S and b G M 1 , we have the following. 

(1) M is Cohen- Macaulay if and only if so is M <h . Similarly, for a monomial 
ideal I, S/I is Gorenstein if and only if so is S/I 4h . 

(2) Stanley's conjecture holds for M if and only if it holds for M <b . 

Unfortunately (?), many classes of monomial ideals for which Stanley's conjecture 
has been proved is closed under the operation (— ) <b . For example, a monomial ideal 
/ is Borel fixed if and only if so is I 4h . Hence Corollary 15 . 3 1 does not so much widen 
the region where the conjecture holds. The following is an exception. 

Let I be a monomial ideal minimally generated by monomials m\, . . . ,m r . We 
say I has linear quotient if after suitable change of the order of mi's the colon ideal 
(mi, . . . , m.j_i) : mj is a monomial prime ideal for all 2 < % < r. For example, 
I := (xy,yz 2 ) C k[x, y,z] has linear quotient, but J <| ( 1 ' ' ) = (x 2 y,yz 2 ) does not. 
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For further information on this notion, consult [8j and references cited there. Here 
we just remark that, for squarefree monomial ideals, having linear quotient is the 
Alexander dual notion of (non-pure) shellability, and there are many examples. 

Since Stanley's conjecture holds for a monomial ideal with linear quotient by [TBI, 
Proposition 4.5], we have the following. 

Proposition 5.4. If a monomial ideal I has linear quotient then Stanley's conjec- 
ture holds for I <h for all b G N n . 

Remark 5.5. Let J be a complete intersection monomial ideal of codimension c. 
Then each variable x« appears in at most one minimal monomial generator of /. 
Hence there is b 6 N" such that ( \/l) <h = I and we have sdepth a/7 = sdepth / by 
Proposition 15.21 The latter equation has been proved by Cimpoea§ [5]. Now it is 
known that sdepth I = n — |_§ J by Shen [T3], but the equation sdepth \/l = sdepth / 
is used in his proof. 

6. Quotient ring by a cogeneric monomial ideal 

Definition 6.1 (Bayer et al. [3]). Let / be a monomial ideal minimally generated 
by monomials mi, . . . ,m r . We say I is generic if any distinct m; and mj do not 
have the same non-zero exponent in any variable. 

Definition 6.2 (Sturmfels [13J). Let J be a monomial ideal with the irredundant 
irreducible decomposition I = f] s i=1 m ai . We say / is cogeneric if any distinct m ai 
and m aj do not have the same minimal (monomial) generator. 

Remark 6.3. (1) It is easy to see that a monomial ideal I is generic if and only 
if the Alexander dual J = £/(S/I) is cogeneric. Similarly, for b G N n , I is generic 
(resp. cogeneric) if and only if so is I <h . 

(2) In [TT], more inclusive definitions of generic and cogeneric monomial ideals 
are given, and Apel [TJ [2] uses these definitions. However, our proof of Theorem 16.51 
below only works for the original definition, that is, Stanley's conjecture is still 
open for the quotients by (non-Cohen-Macaulay) cogeneric monomial ideals in the 
sense of [TT] . 

Theorem 6.4 (Apel [2J Theorem 5]). If I is a Cohen- Macaulay cogeneric mono- 
mial ideal, then Stanley's conjecture holds for S/I (i.e., sdepth(S'//) = depth(5'//) 
holds, in this case). 

The next result says that the Cohen- Macaulay assumption can be removed from 
the above theorem. 

Theorem 6.5. If I is a cogeneric monomial ideal, then sdepth(Syi) > depth(S/I). 
That is, Stanley's conjecture holds for the quotient by a cogeneric monomial ideal. 

Let I be a monomial ideal and J := &/(S/I) the Alexander dual. As stated in 
the end of §2, S/I is Cohen- Macaulay if and only if supp.reg(J) = cr(J), where 
cr( J) = min{ # supp(a) | x a G J }. 

The next result is just the Alexander dual of Theorem 16.41 

Proposition 6.6. Let I be a generic monomial ideal with supp.reg(J) = o~(I). 
Then we have h-reg(I) = supp.reg(J). 
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Via the Alexander duality, Theorem 16.51 is equivalent to the next. This is just a 
"direct translation". However, it improves the "human interface" of the argument, 
since we usually describe ideals by their generators, not irreducible decompositions. 
Anyway, to prove Theorem 16.5} it suffices to show Theorem 16.71 below. 

Theorem 6.7. If I is a generic monomial ideal, then h-reg(I) < supp.reg(J). 

Proof. We prove the assertion by backward induction on o~(I). If a(I) = n, then 
h-reg(I) = supp.reg(J) = n and the assertion holds. Consider the case when 
s := cr(J) < n. 

Let mi, . . . ,m r be the minimal monomial generators of /. Replacing I by I <r 
for r = (r, r, . . . , r) G N n , we may assume that we have a« > r for all x a G / with 
Oi ^ 0. Assume that ^supp(mj) = s for all 1 < i < t and #supp(m;) > s for all 
i > t. Consider the monomial ideals 

Ii = (x) ■ mi \ j supp(mj) ) 

for each 1 < i < t, and set 

J ■= h + h H V h + (rn t+ i, • • • , m r ). 

Then J is a generic monomial ideal with J C I and <r( J) = s + 1. Moreover, we 
have the following lemma whose proof will be given later. 

Lemma 6.8. With the above notation, we have 

supp.reg(//J) = h-reg(I/J) = s. 

The continuation of the proof of Theorem \6. 7[ We have the short exact sequence 

->• J ->• / ->• I/J ->• 0. 

By Lemma 16.81 Remark 12.61 and the fact that supp.reg(J) > s + 1, we have 
supp.reg(J) = supp.reg(J) unless supp.reg(J) = s. If supp.reg(J) = s, then 
h-reg(I) = s by Proposition 16.61 Therefore we may assume that supp.reg(J) = 
supp.reg(J). By the induction hypothesis, h-reg(J) < supp.reg(J). Hence we have 

h-reg(I) < max{/i-reg( J), h-reg(I/ J)} = h-reg(J) 

< supp.reg(J) = supp.reg(J). 

□ 

Proof of Lemma \6.8[ Set M := I/J, and consider h-regM first. It is clear that 
h-regM > s, and it suffices to show that h-regM < s. 

If M a 7^ 0, then #supp r (a) = s. For a subset F C [n] := {l,...,n} with 

#F = s, set 

M [F] := M a . 

aeN n 
supp r (a)=_F 

Then it is an S'-submodule of M, and we have 
(6.1) M = M [F] 

Fc[n] 
#F=s 
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as S- modules. So it suffices to show that h-Teg(M[p]) < s for each F C [n] with 
#F = s. We may assume that M = M\p\ and I = (mi, . . . , m r ) with supp(mj) = F 
for all i (this reduction slightly restricts the structure of the module M[p], but it 
causes no problem in the following argument). 

Set a := deg(mi)Vdeg(m 2 ) V- ■ -Vdeg(m r ). By the assumption that supp(mj) = F 
for all i, we have supp(a) = F. Note that the i th coordinate of a V r is Oj if i G F, 
and r if i ^ F. Hence 7, J and M are positively (a V redetermined. We will give a 
decomposition V G qsd aVr (M) with h-iegV = s. Set S := { b G N n | x b G 7, b ^ 
a}, and take b G S. Since supp(b) = supp(a) = F, we have x h J. Moreover, 
for all monomial x c with supp(c) C supp a (b) and all j G" F, we have 

min{ i \ vrti divides x h } = min{ i \ (xj) 1 ■ x h+c G J } =: /(b) 

by the construction of J. Let b' G N n be the vector whose i th coordinate is 

, = [h if % G F, 

i \/(b)-l Mi^F. 

Then 

(6.2) P:=0k a vr[b,b'] 

beE 

is a quasi Stanley decomposition of M with h-regV = s. 

To compute supp.reg(M), we can use the direct sum ( 16. ip . and may assume that 
supp(mj) = F for all i again. To prove supp.reg(M) = s, we show that the quasi 
Stanley decomposition (I6.2p induces a filtration of M as an S'-module. Note that 
a is the largest element of £ with respect to the order y. Set bi := a, and take 
a maximal element b 2 of S \ {bi}. Inductively, let bj be a maximal element of 
E \ {bi, . . . , bj_i}. This procedure stops in finite steps, since m := < oo. For 
i > 1, let Mi denote the quotient module of M by the submodule generated by the 
images of the monomials x hl , . . . , x ht (set M := M), and let A^j be the submodule 
of Mj_! generated by the image of the monomial x h \ Then we have the short exact 
sequence 

-> Ni ->■ Mi_i ->■ Mj -> 
in ixiocti\i« S for each 1 < i < m. Moreover, we have 

#i = kavrfbi, b{] and M m = 0. 

Since supp.reg(A^j) = s for all z (see the comment before Definition 13. lOj) . we can 
proved that supp.reg(Mj) = s for all i by backward induction on i starting from 
i — m — 1. Since M = M , we are done. □ 

Acknowledgement 

The authors are grateful to an anonymous referee for pointing out gaps in an 
earlier version of the paper. 



18 



RYOTA OKAZAKI AND KOHJI YANAGAWA 



References 

1. J. Apcl, On a conjecture of R. P. Stanley; Part I - Monomial ideals, J. Algebraic Combin. 17 
(2003), 39-56. 

2. J. Apel, On a conjecture of R. P. Stanley; Part II - Quotients modulo monomial ideals, J. 
Algebraic Combin. 17 (2003), 57 - 74. 

3. D. Bayer, I. Peeva, B. Sturmfels, Monomial resolutions, Math. Res. Lett. 5 (1998) 31-46. 

4. W. Bruns and J. Herzog, Cohen-Macaulay rings, revised edition, Cambridge University Press, 
1998. 

5. M. Cimpoeas,, Stanley depth of complete intersection monomial ideals, Bull. Math. Soc. Sci. 
Math. Roumanie (N.S.) 51 (2008) 205-211. 

6. D. Eiscnbud, Commutative Algebra. With a View Toward Algebraic Geometry, Graduate 
Texts in Mathematics 150, Springer, 1995. 

7. J. Herzog, A. Soleyman Jahan, X. Zheng, Skeletons of monomial ideals, Math. Nachr. 283 
(2010), 1403-1408. 

8. J. Herzog, M. Vladoiu, X. Zheng, How to compute the Stanley depth of a monomial ideal, J. 
Algebra 322 (2009), 3151-3169. 

9. E. Miller, The Alexander duality functors and local duality with monomial support, J. Algebra 
231 (2000), 180-234. 

10. E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Graduate Texts in Mathe- 
matics 227, Springer, 2005. 

11. E. Miller, B. Sturmfels, and K. Yanagawa, Generic and cogeneric monomial ideals, J. Symb. 
Comp. 29 (2000), 691-708. 

12. R. Okazaki, A study on toric face rings and Stanley depth of monomial ideals, thesis, Osaka 
University, 2010. 

13. B. Sturmfels, The co-Scarf resolution, in "Commutative Algebra, Algebraic Geometry, and 
Computational Methods" (D. Eisenbud, Ed.), pp. 315-320, Springer- Verlag, Singapore, 1999 

14. Y. Shen, Stanley depth of complete intersection monomial ideals and upper-discrete partitions, 
J. Algebra 321 (2009), 1285-1292. 

15. A. Soleyman Jahan, Prime nitrations and Stanley decompositions of squarefree modules and 
Alexander duality, Manuscripta math. 130 (2009), 533-550. 

16. R. P. Stanley, Linear Diophantine equations and local cohomology, Invent. Math. 68 (1982), 
175-193. 

17. K. Yanagawa, Alexander duality for Stanley-Reisner rings and squarefree N"-graded modules, 
J. Algebra 225 (2000), 630-645. 

Department of Pure and Applied Mathematics, Graduate School of Information 
Science and Technology, Osaka University, Toyonaka, Osaka 560-0043, Japan 
E-mail address: u574021d@ecs.cmc.osaka-u.ac.jp 



Department of Mathematics, Kansai University, Suita 564-8680, Japan 
E-mail address: yanagawa@ipcku.kansai-u.ac.jp 



